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ABSTRACT
The anisotrpy of the redshift space bispectrum Bs(k1,k2,k3), which contains a
wealth of cosmological information, is completely quantified using multipole moments
B¯m` (k1, µ, t) where k1, the length of the largest side, and (µ, t) respectively quantify
the size and shape of the triangle (k1,k2,k3). We present analytical expressions for
all the multipoles which are predicted to be non-zero (` ≤ 8,m ≤ 6 ) at second order
perturbation theory. The multipoles also depend on β1, b1 and γ2, which quantify the
linear redshift distortion parameter, linear bias and quadratic bias respectively. Con-
sidering triangles of all possible shapes, we analyse the shape dependence of all of the
multipoles holding k1 = 0.2 Mpc
−1, β1 = 1, b1 = 1 and γ2 = 0 fixed. The monopole
B¯00 , which is positive everywhere, is minimum for equilateral triangles. B¯
0
0 increases
towards linear triangles, and is maximum for linear triangles close to the squeezed
limit. Both B¯02 and B¯
0
4 are similar to B¯
0
0 , however the quadrupole B¯
0
2 exceeds B¯
0
0 over
a significant range of shapes. The other multipoles, many of which become negative,
have magnitudes smaller than B¯00 . In most cases the maxima or minima, or both, occur
very close to the squeezed limit. | B¯m` | is found to decrease rapidly if ` or m are in-
creased. The shape dependence shown here is characteristic of non-linear gravitational
clustering. Non-linear bias, if present, will lead to a different shape dependence.
Key words: methods: statistical – cosmology: theory – large-scale structures of
Universe.
1 INTRODUCTION
The simplest models of inflation predict the primordial den-
sity fluctuations which seed the large-scale structures in the
Universe to be a Gaussian random field (Baumann 2009),
Cosmic Microwave Background (CMB) measurements (Fer-
gusson et al. 2012; Oppizzi et al. 2018; Planck Collabora-
tion et al. 2019; Shiraishi 2019) and galaxy surveys (Feld-
man et al. 2001; Scoccimarro et al. 2004; Liguori et al. 2010;
Ballardini et al. 2019) have been used to place tight con-
straints on primordial non-Gaussianity. These density fluc-
tuations are however predicted to become non-Gaussian as
they evolve (induced non-Gaussianity; Fry 1984) due to the
non-linear growth and non-linear biasing. It is therefore nec-
essary to consider higher order statistics, the three-point
correlation function or its Fourier conjugate the bispectrum
? arindam.mazumdar@iitkgp.ac.in
† somnath@phy.iitkgp.ernet.in
‡ debanjan@post.bgu.ac.il
being the lowest order statistic sensitive to non-Gaussianity.
Second order perturbation theory predicts (Matarrese et al.
1997) that measurements of the bispectrum in the weakly
non-linear regime can be used to determine the bias param-
eters, and this has been employed in the galaxy surveys to
quantify the galaxy bias parameters (Feldman et al. 2001;
Scoccimarro et al. 2001; Verde et al. 2002; Nishimichi et al.
2007; Gil-Mar´ın et al. 2015). Further, the measurements of
bispectrum enable us to lift the degeneracy between Ωm
(which appears in f(Ωm)) and b1, something which is not
possible by considering only the power spectrum (Scocci-
marro et al. 1999a).
Redshift space distortion(RSD) is a prominent feature
in redshift surveys which probe the large scale structures
observed in the Universe. At small length-scales random
motions make the structures appear elongated along line
of sight (LoS) leading to the well known Finger of God
(FoG) effect (Jackson 1972). At large length-scales RSD
causes the over-dense regions to appear more over-dense
and the under-dense regions to appear more under-dense
c© 2020 The Authors
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along the LoS (Kaiser 1987). At large length-scales where
linear perturbation theory may be assumed to hold, the
redshift space power spectrum of a linearly biased tracer,
P s(k1), is related to the real space power spectrum P
r(k1) as
P s(k1) = (1 + β1µ
2
1)
2P r(k1) (Kaiser 1987) where β1 = f/b1
is the linear redshift distortion parameter. Here f is loga-
rithmic derivative of the growth rate of density perturba-
tion in linear theory and this is a function of cosmological
matter density parameter Ωm. b1 is linear bias factor and
µ1 = zˆ · k1/k1 where zˆ points towards the LoS direction.
The redshift space power spectrum P s(k1) is anisotropic
i.e. it depends on how k1 is oriented with respect to zˆ. This
anisotropy can be quantified by expanding P s(k1) in terms
of Legendre polynomials in µ1, the reader is referred to an
extensive review (Hamilton 1998) of linear RSD for details.
The anisotropy of the redshift space power-spectrum con-
tains a rich wealth of cosmological information. For exam-
ple, the parameter f can be estimated (Loveday et al. 1996;
Peacock et al. 2001; Hawkins et al. 2003; Guzzo et al. 2008),
the total mass of massive neutrinos can be constrained (Hu
et al. 1998; Upadhye 2019), and dark energy theories and
modified gravity theories can be tested (Linder 2008; Song
& Percival 2009; de la Torre et al. 2017; Johnson et al. 2016;
Mueller et al. 2018).
In this paper we consider the redshift space bispectrum
Bs(k1,k2,k3) which is induced at second order perturba-
tion theory starting from Gaussian initial conditions. In ad-
dition to the size and shape of the triangle (k1,k2,k3), the
redshift space bispectrum also depends on how the three
vectors are oriented with respect to zˆ. Like the power spec-
trum, the anisotropy of Bs(k1,k2,k3) contains a wealth of
cosmological information, and it is important to accurately
model and quantify this. Hivon et al. (1995) and Verde et al.
(1998c) have calculated the bispectrum in redshift space.
However, the focus in these works has been on measuring
the large scale bias and the cosmological parameters, and
they have not quantified the RSD anisotropy. Scoccimarro
et al. (1999a) have quantified the anisotropy of the red-
shift space bispectrum by decomposing it into spherical har-
monics. However, they have only considered the monopole
and one quadrupole component (` = 2,m = 0). Hashimoto
et al. (2017) also have considered a single quadrupole com-
ponent of the redshift space bispectrum. The works men-
tioned above are all use non-linear perturbation theory, and
their results are extensively validated using large cosmolog-
ical N-body simulations. However, these works do not carry
out a complete analysis of the anisotropy, and are restricted
to a single quadrupole component and a very limited set
of triangle configurations. Nan et al. (2018) have presented
approximate analytical expressions based on the halo model
for the higher angular multipole moments up to ` = 4, and
they have analysed these for a limited set of triangle con-
figurations. Yankelevich & Porciani (2019) and Gualdi &
Verde (2020) forecast cosmological parameter constraints in-
cluding the redshift space bispectrum and power spectrum.
Desjacques et al. (2018) have used effective field theory to
accurately model the redshift space bispectrum on mildly
non-linear scales. Clarkson et al. 2019 have recently shown
that relativistic effects will introduce a dipole anisotropy in
the redshift space bispectrum on very large length-scales.
Slepian & Eisenstein (2017), Slepian & Eisenstein (2018)
present a technique to quantify the redshift space three-point
correlation function by expanding it in terms of products
of two spherical harmonics, whereas Sugiyama et al. (2019)
have proposed a tri-polar spherical harmonic decomposition
to quantify the anisotropy of the redshift space bispectrum
which they demonstrate by applying it to the Baryon Oscil-
lation Spectroscopic Survey (BOSS) Data Release 12. The
last two works mentioned here present very efficient compu-
tational techniques for quantifying the three point statistics
in large galaxy surveys.
In a recent work (Bharadwaj et al. 2020) (hereafter re-
ferred to as Paper I) we have proposed a new technique to
quantify the anisotropy of the redshift space bispectrum. We
have decomposed the redshift space bispectrum in spherical
harmonics which completely quantify the anisotropy. We il-
lustrate this by considering the linear RSD of the bispectrum
arising from primordial non-Gaussianity. Only the first four
even ` multipoles (up to ` = 6,m = 4) are found to be non-
zero, and we have presented explicit analytical expressions
for these. We find that the ratio of the different multipole
moments to the real space bispectrum are cubic polynomi-
als in β1 the linear redshift distortion parameter. The co-
efficients of these polynomials depend only on the shape of
the triangle. We have analysed all the non-zero multipole
moments for triangles of all possible shapes. If measured in
future, the various multipole moments of the bispectrum of
primordial non-Gaussianity hold the potential of constrain-
ing β1. The results presented in Paper I are also important
to constrain fNL using redshift surveys.
In the present paper we have applied the formalism
developed in Paper I to quantify the anisotropy of the in-
duced redshift space at second order perturbation theory. We
present explicit analytical formulas for all the non-zero mul-
tipoles moments of the induced redshift space bispectrum .
Considering triangles of all possible shapes, we analyse the
variation of different multipole moments with the shape of
the triangle. A brief outline of the rest of the paper follows.
In Section 2 we briefly summarize some of the salient fea-
tures of the formalism developed in Paper I. We first apply
the formalism (Section 3) to quantify and analyse the shape
dependence of the real space bispectrum. In Section 4 we
develop the methodology and notation to calculate the mul-
tipole moments of the induced redshift space bispectrum.
The final expression for the `,m multipole refers to three
terms namely R whose multipole moments are presented in
Paper I, S and T whose multipole moments are presented
in Appendix A and B respectively. We present the results in
section 5, whereas section 6 presents Summary and Discus-
sion.
We have used the ΛCDM power spectrum generated by
the Blotzmann code CLASS (Lesgourgues 2011; Blas et al.
2011) with the cosmological parameters fixed from Planck
2015 results Planck Collaboration et al. 2016.
2 FORMALISM
The bispectrum is defined as
B(k1,k2,k3) = V
−1 〈∆(k1)∆(k2)∆(k3)〉 , (1)
where the ∆(k)s refer to the Fourier components of the den-
sity contrast. The three vectors involved in the bispectrum
are constrained to form a closed triangle, i.e.k1+k2+k3 = 0
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3(Figure 1). We label the three sides of the triangle such that
k1 ≥ k2 ≥ k3 where k1 =| k1 |, etc. The real space bispec-
trum Br(k1,k2,k3) is independent of how the triangle is
oriented in space, and it depends only on the size and shape
of the triangle. Following Paper I, we use the length of the
largest side k1 to parameterize the size of the triangle, and
we parameterize the shape using µ = cos θ = −k1 ·k2/(k1k2)
which is the cosine of the angle between −k2 and k1, and
t = k2/k1 which is the ratio of the second largest side to the
largest side. The values of µ and t are restricted to the range
0.5 ≤ t, µ ≤ 1 and 2µt ≥ 1 , (2)
and these uniquely specify the shapes of all possible trian-
gles. Figure 2 of Paper I provides a detailed description of
the triangle shape corresponding to different values of the
parameters (µ, t). For completeness, we summarize this later
in this paper when we analyze the shape dependence of the
real space bispectrum. In the subsequent discussion we use
Br(k1, µ, t) to parameterize the shape and size dependence
of the real space bispectrum. Further, it is convenient to use
the notation s = k3/k1 =
√
t2 − 2µt+ 1.
The redshift space bispectrum Bs(k1,k2,k3), unlike its
real space counterpart, depends on the orientations of the
triangles with respect to the line of sight (LoS) direction
zˆ. This anisotropy or orientation dependence arises through
µ1, µ2, µ3 which are respectively the cosine of the angles be-
tween k1,k2,k3 and zˆ. It is necessary to consider a triangle
with a fixed size and shape, and vary its orientation in order
to quantify the anisotropy arising from RSD. As discussed
in Paper I, this can be achieved by applying rigid body ro-
tations to a triangle whose size and shape are fixed. It is
then possible to parameterize the redshift space bispectrum
as Bs(α, β, γ, k1, µ, t) where (α, β, γ) are three angles needed
to parameterize the rigid body rotations. However, for the
analytical estimates presented in Paper I and continued in
this paper, it suffices to parameterize the redshift space bis-
pectrum as Bs(pˆ, k1, µ, t) where pˆ is a unit vector which can
vary over all possible directions. We have
µ1 = pz
µ2 = −µpz +
√
1− µ2px
µ3 = −s−1[(1− tµ)pz + t
√
1− µ2px] (3)
where s is a function of (µ, t) introduced earlier.
We quantify the anisotropy of the redshift space bispec-
trum Bs(pˆ, k1, µ, t) using the different multipole moments
defined as
B¯m` (k1, µ, t) =
√
(2`+ 1)
4pi
∫
[Y m` (pˆ)]
∗Bs(pˆ, k1, µ, t) dΩpˆ
(4)
where Y m` (pˆ) are the spherical harmonics and the dΩpˆ in-
tegral is over all possible directions of pˆ which subtends 4pi
steradians. The reader is referred to Paper I regarding the
choice of normalization and other details for eq. (4).
The odd multipoles (` = 1, 3, 5, ...) are all zero
in the plane parallel approximation. We further have
B¯−m` (k1, µ, t) = (−1)mB¯m` (k1, µ, t), and B¯m` (k1, µ, t) are all
real. Considering linear triangles (µ = 1), the anisotropy is
completely quantified by the m = 0 multipole moment and
Figure 1. This shows a triangle (k1,k2,k3) which is used to
define various parameters used here.
the multipole moments with m 6= 0 are all zero. We how-
ever need both the m = 0 and m 6= 0 multipole moments
to completely quantify the anisotropy of Bs(pˆ, k1, µ, t) when
the three vectors k1,k2 and k3 are not aligned i.e. (µ < 1).
3 INDUCED REAL SPACE BISPECTRUM
Considering Gaussian initial conditions, non-Gaussianity
arises due to the non-linear evolution of the density per-
turbations (Fry 1984). The bispectrum of induced non-
Gaussianity at second order perturbation theory (Scocci-
marro et al. 1998) is given by
(5)
Br(k1,k2,k3) = 2b
−1
1
[
F2(k1,k2) +
γ2
2
]
P r(k1)P
r(k2)
+ cyc...
where b1 is the linear bias, γ2 = b2/b1 parameterizes the
quadratic bias b2 in terms of b1, P
r(k) is the real space
power spectrum of the tracer for which the bispectrum is
being calculated. Here P r(k) = b21 Pm(k) where Pm(k) is
the matter power spectrum, and
F2(k1,k2) =
5
7
+
k1 · k2
2
(
1
k21
+
1
k22
)
+
2
7
(k1 · k2)2
k21k
2
2
(6)
are the kernels appearing in the second order perturba-
tion for the density contrast (Goroff et al. 1986). The vari-
ous terms F2(k1,k2), F2(k2,k3), F2(k3,k1) are dimension-
less functions which depend on the shape of the trian-
gle (k1,k2,k3), and these have very simple algebraic ex-
pressions in terms of (µ, t). Using the compact notation
F12(µ, t) = F2(k1,k2), etc. we can express these as
F12(µ, t) =
1
14
(
4µ2 − 7µt− 7µ
t
+ 10
)
,
F23(µ, t) =
7µ+
(
3− 10µ2) t
14ts2
,
F31(µ, t) =
t2
(−10µ2 + 7µt+ 3)
14s2
. (7)
Considering b1 and γ2 as independent parameters in
eq. (5), we see that changing b1 scales the bispectrum irre-
spective of the shape and size of the triangle. In contrast,
γ2 occurs in combination with F12(µ, t), etc. whose values
depend on the shape of the triangle. It has been proposed
(Verde et al. 1998a) that the shape dependence of the in-
duced bispectrum (eq. 5) can be used to independently de-
termine b1 and γ2 from the measured bispectrum.
In order to analyze the theoretical predictions presented
MNRAS 000, 1–?? (2020)
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here, following Fry (1984) we define a dimensionless bispec-
trum
Qr(k1, µ, t) =
b1B
r(k1, µ, t)
3[P r(k1)]2
. (8)
In addition to being dimensionless, this has the added ad-
vantage of eliminating the b1 dependence in eq. (5) which
just introduces an overall scaling of the bispectrum. Note
that our Qr(k1, µ, t) is somewhat different from the dimen-
sionless three point hierarchical amplitude Q used in several
earlier works including Fry (1984).
The left panel of Figure 2 shows Qr(µ, t) which refers
to Qr(k1, µ, t) at k1 = 0.2 Mpc
−1 for the reference model
where b1 = 1 and γ2 = 0, and in the subsequent discus-
sion we shall largely focus on the (µ, t) dependence for this
fixed value of k1. The value of k1 considered here refers to
sufficiently large scales where we may expect second order
perturbation theory to provide a reasonably valid descrip-
tions. The triangle shapes corresponding to different val-
ues of (µ, t) has been discussed in Paper I, we summarize
this here. The right boundary µ = 1 corresponds to lin-
ear triangles where k1, −k2 and −k3 are parallel (Figure
1). The top right corner (µ → 1, t → 1) and and the bot-
tom right corner (µ → 1, t → 1/2) correspond to squeezed
(k1 = −k2,k3 → 0) and stretched (k2 = k3 = −k1/2) tri-
angles respectively. The top boundary t = 1 corresponds to
L-isosceles triangles where the two larger sides (k1 and k2)
are of equal length, whereas the bottom boundary 2µt = 1
corresponds to S-isosceles triangles where the two smaller
sides (k2 and k3) are of equal length. The top left corner
(µ → 1/2, t → 1) corresponds to equilateral triangles. The
diagonal line µ = t corresponds to right-angle triangles (
χ = 90◦ in Figure 1) while the upper (t > µ) and lower
halves correspond to acute and obtuse triangles respectively.
Considering Qr(µ, t) in the left panel of Figure 2 we see
that the value is minimum at the top left corner (µ, t) =
(1/2, 1) which corresponds to equilateral triangles where
Qr(1/2, 1) =
(
4
7
+ γ2
)
(9)
independent of the value of k1. The value of Q
r(µ, t) in-
creases as we move away from the equilateral configuration.
The corresponding triangle deformation corresponds to in-
creasing χ (Figure 1) from 60◦ to 180◦. Equivalently, the
value of Qr(µ, t) increases as we change the shape from an
acute triangle to an obtuse triangle. The right boundary
(µ = 1), where we have the largest values of Qr(µ, t), cor-
responds to linear triangles where the three sides of the tri-
angle are aligned. The bottom right corner (µ, t) = (1, 1/2)
corresponds to stretched triangles, and the top right corner
(µ, t) = (1, 1) corresponds to squeezed triangles. We see that
the maximum value of Qr(µ, t) occurs along the µ = 1 line
close to the squeezed limit. We note that the squeezed tri-
angle is not straight forward to interpret as the value of the
bispectrum depends on how the triangle is squeezed. If we
squeeze a linear triangle by first setting µ = 1 and then by
taking the limit t→ 1, then the values of F23 and F31 diverge
(eq. 7), however the diverging parts of these two quantities
cancel out to yield a finite value for the bispectrum (eq. 5).
In contrast, the values of F12, F23 and F31 are all finite if
we squeeze an isosceles triangle where we first set t = 1 and
then take the limit µ → 1. However, the two above men-
tioned calculations yield different values for the bispectrum.
Figure 2. Left panel: Qr(µ, t) at k1 = 0.2 Mpc
−1for the refer-
ence model where b1 = 1 and γ2 = 0. Right panel: The different
curves show the values of Qr(µ, t) along the three boundaries of
the allowed region of (µ, t) space. The x-axis corresponds to µ
or t depending on the curve which is being referred to. The bot-
tom curve shows Qr(µ, 1) as a function of µ, this corresponds
to L-isosceles triangles (top boundary of left panel). The middle
curve shows Qr(µ, 1/(2µ)) as a function of µ, this corresponds
to S-isosceles triangles (bottom boundary of left panel). The top
curve shows Qr(1, t) as a function of t, this corresponds to linear
triangles (right boundary of left panel).
We therefore conclude that the bispectrum does not have a
unique value in the squeezed limit, rather the result depends
on how one approaches this limit.
The right panel of Figure 2 shows thee variation of
Qr(µ, t) along the three boundaries of the allowed region
of the (µ, t) parameter space. The x-axis corresponds to
µ or t depending on the boundary which is being referred
to. The bottom dashed curve shows Qr(µ, 1) which corre-
sponds to L-isosceles triangles (top boundary of right panel).
The left extremity of this curve (µ = 1/2) corresponds to
equilateral triangles whereas the right extremity (µ = 1)
corresponds to squeezed triangles. The middle dash-dotted
curve shows Qr(µ, t) as a function of µ along the boundary
2µt = 1 which corresponds to S-isosceles triangles. Here also
the left extremity (µ = 1/2) corresponds to equilateral tri-
angles whereas now the right extremity (µ = 1) corresponds
to stretched triangles. The top solid curve shows Qr(1, t)
which corresponds to linear triangles (right boundary). Here
the left extremity (t = 1/2) corresponds to stretched tri-
angles whereas the right extremity (t = 1) corresponds to
squeezed triangles. The right extremity of the dash-dotted
curve and the left extremity of the solid curve both corre-
spond to stretched triangles (1, 1/2), and they both corre-
spond to the same value of Qr(µ, t). The right extremity of
the solid curve and the dashed curve both correspond to the
squeezed limit. However, as noted earlier the value of the
bispectrum depends on how we approach the squeezed limit
and we see that the limiting values are different along these
two curves.
As mentioned earlier, in the right panel also we see that
Qr(µ, t) is minimum for the equilateral triangle for which
µ = 1/2. As µ is increased the three sides of the triangle
get increasingly more aligned (Figure 1) and the value of
Qr(µ, t) increases with the largest values occurring for the
linear triangle when the three sides are parallel. We find that
the value of Qr(µ, t) increases by a factor of ∼ 34 as the
MNRAS 000, 1–?? (2020)
5equilateral triangle is deformed to a linear triangle (µ = 1)
along either of the two lower curves. We find the largest val-
ues of Qr(µ, t) along the topmost curve which shows this as
a function of t with µ = 1. Considering the variation along
the different linear triangles, we find that Qr(µ, t) is nearly
constant for 0.5 ≤ t ≤ 0.6, increases for larger t and has
a maxima at t ≈ 0.94 beyond which its value falls. This
maxima is close to the squeezed limit where k1 ≈ k2 and
k3 = (1− t) k1. We find that the maximum value of Qr(µ, t)
occurs at k3 = keq (matter-radiation equality) which corre-
sponds to the peak of the ΛCDM power spectrum. We have
tested this by plotting Qr(µ, t) for other values of k1 (not
shown here). The maximum value of Qr(µ, t) is found to
be approximately 100 times larger than the minimum value
which occurs for equilateral triangles.
4 INDUCED REDSHIFT SPACE BISPECTRUM
The induced bispectrum in redshift space from second order
perturbation theory (Verde et al. 1998b; Scoccimarro et al.
1999b) is given by
Bs(k1,k2,k3) = 2b
−1
1 (1 +β1µ
2
1)(1 +β1µ
2
2)
{
F2(k1,k2) +
γ2
2
+µ23β1G2(k1,k2)−b1β1µ3k3
[µ1
k1
(1+β1µ
2
2)
+
µ2
k2
(1 + β1µ
2
1)
]}
P (k1)P (k2) + cyc... ,
(10)
where β1 is the linear redshift distortion parameter and
G2(k1, k2) =
3
7
+
k1 · k2
2
(
1
k21
+
1
k22
)
+
4
7
(k1 · k2)2
k21k
2
2
, (11)
refers to the second order kernel for the divergence of the
peculiar velocity (Goroff et al. 1986). Here we find it useful
to use
F2(k1,k2) = G2(k1,k2) + ∆G(k1,k2) (12)
where
∆G(k1,k2) =
2
7
[
1− (k1 · k2)
2
k21k
2
2
]
. (13)
The various terms G2(k1,k2) and ∆G(k1,k2) are dimen-
sionless functions which depend on the shape of the trian-
gle (k1,k2,k3), and these have very simple algebraic ex-
pressions in terms of (µ, t). Using the compact notation
G12(µ, t) = G2(k1,k2) and ∆G12(µ, t) = ∆G(k1,k2), etc.
we can express these as
G12(µ, t) =
1
14
(
8µ2 − 7µt− 7µ
t
+ 6
)
G23(µ, t) = −6µ
2t+ t− 7µ
14s2t
G31(µ, t) =
t2
(−6µ2 + 7µt− 1)
14s2
(14)
and
s2t−2∆G31 = s
2 ∆G23 = ∆G12 =
2
7
(
1− µ2) . (15)
We note that all the ∆Gs are zero for linear triangles (µ =
1).
For calculating the various angular moments of the red-
shift space bispectrum we express it as
(16)
Bs(pˆ, k1, µ, t) = 2b
−1
1
{
RG12 + S12
[
∆G12 +
γ2
2
]
− b1T12
}
P r(k1)P
r(k2) + cyc...
Here the anisotropy or orientation dependence of the redshift
space bispectrum is completely quantified by the functions
R(pˆ, β1, µ, t) = (1 + β1µ
2
1)(1 + β1µ
2
2)(1 + β1µ
2
3) , (17)
S12(pˆ, β1, µ, t) = (1 + β1µ
2
1)(1 + β1µ
2
2) (18)
and
(19)
T12(pˆ, β1, µ, t) =
β1
2
(1 + β1µ
2
1)(1 + β1µ
2
2)µ3k3
×
[µ1
k1
(1 + β1µ
2
2) +
µ2
k2
(1 + β1µ
2
1)
]
.
The angular multipoles of the redshift space bispectrum
can be expressed in terms of the angular multipoles of
R, S12, T12, etc as
B¯m` (k1, µ, t) = = 2b
−1
1
{
R¯m` G12 + [S¯12]
m
`
[
∆G12 +
γ2
2
]
−b1[T¯12]m`
}
P r(k1)P
r(k2) + cyc...(20)
where
R¯m` (β1, µ, t) =
√
(2`+ 1)
4pi
∫
[Y m` (pˆ)]
∗R(pˆ, β1, µ, t) dΩpˆ . (21)
refers to the angular angular multipoles of R(pˆ, β1, µ, t),
and the other multipole moments [S¯12]
m
` , [T¯12]
m
` etc. have
been defined similarly. The different multipole moments
R¯m` , [S¯12]
m
` , [T¯12]
m
` etc. are all polynomials of the form c0 +
c1β1 + c2β
2
1 ... where the smallest power of β1 is `/2 and the
largest power of β1 is 3, 2 and 4 for R¯
m
` , [S¯12]
m
` and [T¯12]
m
`
respectively. The coefficients of the polynomials depend on
`,m and the shape of the triangle (µ, t).
R(pˆ, β1, µ, t) (eq. 17) corresponds to the redshift space
enhancement of the bispectrum that arises if each of the
three terms ∆(k1), ∆(k2) and ∆(k3) in equation (1) is sub-
jected to linear RSD. The angular multipoles R¯m` (β1, µ, t)
have non-zero values for even ` in the range ` ≤ 6, while
m ≤ ` with m being restricted to m ≤ 4. The angular mul-
tipoles R¯m` (β1, µ, t) have been studied in detail in Paper I,
and when required we use these results here.
Considering the S terms (eq. 18), the angular multipoles
have non-zero values for even ` in the range ` ≤ 4, while
m ≤ `. We see that for linear triangles (µ = 1) the three S
terms all reduce to the same value
S12 = S23 = S31 = (1 + β1µ
2
1)
2 . (22)
which is exactly the enhancement factor of the power spec-
trum due to linear RSD. The multipole moments of this en-
hancement factor have been extensively studied (Hamilton
1997), and denoting these as A` we have A0 = 1 + 2β1/3 +
β21/5, A2 = 4(β1/3 + β
2
1/7) and A4 = 8β
2
1/35. We find that
we can express all the multipole moments with m = 0 in the
form
(23)[S¯12]
0
`(β1, µ, t) = A`(β1) + ∆G12(µ) [C12]`(β1, µ, t) ,
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Figure 3. Same as Figure 2 except that this shows Q00(µ, t). The
right panel shows Qr(µ, t) (black) in addition to Q00(µ, t) (blue).
where the second term in the R.H.S. is zero for linear tri-
angles. Considering the S terms with m 6= 0, these are all
zero for linear triangles (µ = 1), and we find that we find it
convenient to express these in the form
[S¯12]
m
` (β1, µ, t) = (1− µ2)m/2 [D12]m` (β1, µ, t) , (24)
The expressions needed to calculate the multipole moments
of the S terms (A`, [C12]`, [D12]`, etc.) are presented in Ap-
pendix A instead of the main body of the text.
Considering the T terms (eq. 19), the angular multi-
poles have non-zero values for even ` in the range ` ≤ 8,
while m ≤ ` with m ≤ 6. The expressions for the multi-
pole moments here are rather lengthy and we have presented
these in Appendix B instead of the main body of the text.
We have used the multipole moments of R, S and T in
eq. (20) to calculate B¯m` (k1, µ, t) the multipole moments of
the redshift space bispectrum. 1
5 RESULTS
Here we analyze all the non-zero multipole moments of the
redshift space bispectrum. For this purpose we shall con-
sider Qm` (k1, µ, t) which is defined exactly identically as
Qr(k1, µ, t) (eq. 8) except that we have replaced B
r(k1, µ, t)
with B¯m` (k1, µ, t). Unless mentioned otherwise, we shall fo-
cus on Qm` (µ, t) which shows the results for k1 = 0.2 Mpc
−1
and the reference model where β1 = 1, b1 = 1 and γ2 = 0.
Table 1 shows the maximum and minimum values of all the
non-zero Qm` (µ, t) along with the (µ, t) values where these
occur.
The left panel of Figure 3 shows how the dimensionless
monopole bispectrum Q00(µ, t) varies with the shape of the
triangle. We see that the pattern is very similar to that seen
in the left panel of Figure 2 for the real space bispectrum
Qr(µ, t). Here also the value is minimum for equilateral tri-
angles, and we have the largest values for linear triangles.
1 Python scripts for calculating these moments are available at
https://github.com/arindam-mazumdar/rsd-bispec.
For equilateral triangles we have
Q00(1/2, 1) =
β31
490
+
β21γ2
10
+
3β21
35
− b1β
4
1
315
+
b1β
2
1
5
+
b1β1
3
+
2β1γ2
3
+
3β1
7
+ γ2 +
4
7
(25)
which is independent of k1. This goes over to Q
r(1/2, 1)
(eq. 9) for β = 0 . Comparing eq. (25) with eq. (20) we
see that the terms involving γ2 arise from the S terms, the
terms involving b1 arise from the T terms and the remain-
ing terms are a combination of the contributions from the
R and S terms. We have checked that our expression for
the monopole of the redshift space bispectrum matches the
results presented in Scoccimarro et al. (1998) for the equi-
lateral triangle. A more general comparison is not possible
as the parameterization of the triangle shape and size de-
pendence is quite different.
The right panel of Figure 3 is identical to the right panel
of Figure 2 except that this shows the monopole Q00(µ, t)
(blue), the real space bispectrum Qr(µ, t) (black) has also
been shown for comparison. We see that the two sets of
curves are very similar except for the fact that the values
of Q00(µ, t) are larger than those of Q
r(µ, t). The enhance-
ment due to RSD is found to be ∼ 2.8 for equilateral tri-
angles. Further, we find that the enhancement is munimum
for equilateral triangles and it increases as the shape is de-
formed towards linear triangles. We find that the enhance-
ment is ∼ 4.2 for linear triangles irrespective of the value of
t. The location of the maximum value of Q00(µ, t) coincides
with that of Qr(µ, t). As discussed earlier, this occurs at
µ = 1, t ≈ 0.95 which corresponds to k1 ≈ k2 and k3 ≈ keq.
Like the real space bispectrum, we find that the squeezed
limit is not uniquely defined for the monopole of the red-
shift space bispectrum and the result depends on how we
approach the squeezed limit.
Figure 4 shows the m = 0 component of the quadrupole
(` = 2) and all the higher multipoles (` = 4, 6, 8) which are
predicted to have non-zero values. We find that for ` = 2 and
4 the dependence on the shape of the triangle is very simi-
lar to that seen in Figures 2 and 3 for Qr(µ, t) and Q00(µ, t)
respectively. We have the minimum value for the equilateral
triangle, and the value increases as we move towards linear
triangles where we have the largest values. Considering ` = 6
and 8, here also the pattern is similar to that at lower `. We
have very small values of Q0` in the vicinity of equilateral tri-
angles, and the value increases as we move towards obtuse
linear triangles where we have the largest values. The dif-
ference, however, is that unlike the lower multipoles we find
a region of negative values near the top boundary (t = 1).
The magnitude of these negative values increases if we ap-
proach the squeezed limit along the top boundary, this being
particularly pronounced for ` = 8.
Figure 5 shows the value of Q0`(µ, t) along the bound-
aries of the allowed (µ, t) region plotted in the different pan-
els of Figure 4. For ` = 2, 4 and 6 the monopole Q0`(µ, t)
is also shown in the respective panels for comparison. We
see that the values of Q0` get smaller as ` is increased (Ta-
ble 1), and for ` = 8 the values are so small that it does
not make sense to show them together with Q00. We see that
the solid curves which show Q0`(1, t) for linear triangles are
very similar for all the ` values (including ` = 0) shown here.
The same is also true for the dashed-dot curves which show
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Figure 5. Each panel here shows Q0` (blue) along the boundaries of the allowed (µ, t) region in the corresponding panels of Figure 4,
Q00 (black) is also shown for comparison.
Q0`(µ, 1/(2µ)) for the S-isosceles triangles. However, this is
not true for the dashed curves which show Q0`(µ, 1) for the
L-isosceles triangles. Here ` = 0, 2, and 4 all show a similar
behaviour while 6 and 8 show a different behaviour where
Q0`(µ, 1) has negative values. The various multipole moments
with ` > 0 all quantify the anisotropy or orientation de-
pendence which arises due to RSD, and the ratio Qm` /Q
0
0
provides a quantitative estimate of the relative strength of
this anisotropy. Considering m = 0, ` = 2 we find that the
relative strength of the anisotropy is minimum for equilat-
eral triangles where we have Q02(1/2, 1) ≈ 0.36Q00(1/2, 1).
The low level of anistropy for equilateral triangles here may
be attributed to the fact that the three vectors k1,k2 and
k3 are differently oriented relative to each other. When one
of them is aligned with zˆ for which the RSD is maximum,
the other two vector are inclined with respect to zˆ. We
see that the relative strength of the anisotropy increases as
the shape is deformed towards linear triangles where the
three vectors k1,k2 and k3 are aligned. We have the largest
anisotropy (Q02(1, t) ≈ 2Q00(1, t)) for linear triangles irre-
spective of the value of t. Interestingly the quadrupole is
larger than the monopole (Q02 > Q
0
0) over a significant por-
tion of the (µ, t) parameter space. As discussed earlier, the
maxima of Q02(µ, t) occurs at µ = 1, t ≈ 0.94 which cor-
responds to k1 ≈ k2 and k3 ≈ keq. The position of the
maxima coincides with that for Q00(µ, t) and Q
r(µ, t). Like
the real space bispectrum, we find that the squeezed limit is
not uniquely defined for the quadrupole of the redshift space
bispectrum and the result depends on how we approach the
squeezed limit. Q04 is very similar to Q
0
2 except that the
values are smaller with Q04(1/2, 1) ≈ 0.028Q00(1/2, 1) and
Q04(1, t) ≈ 0.7Q00(1, t) for equilateral and linear triangles re-
spectively. Considering ` = 6 we find that the values are even
smaller with Q06(1, t) ≈ 0.096Q00(1, t) for linear triangles.
The value is negative for equilateral triangles Q06(1/2, 1) ≈
−0.0019Q00(1/2, 1), the negative values continue along t = 1
and increases in magnitude as we approach the squeezed
limit. However note that the squeezed limit continues to
have a positive value if we approach it along µ = 1. For ` = 8
the results are very similar to ` = 6 except that the values
are even smaller with Q08(1/2, 1) ≈ −0.00035Q00(1/2, 1) and
Q08(1, t) ≈ 0.0047Q00(1, t) for equilateral and linear triangles
respectively.
Considering equilateral triangles, we obtain relatively
compact expressions for the various m = 0 multipole mo-
ments which we present below
Q02(1/2, 1) =
β31
588
+
β21γ2
14
+
3β21
49
− 2
693
b1β
4
1 +
b1β
2
1
7
+
b1β1
6
+
β1γ2
3
+
3β1
14
, (26)
(27)Q04(1/2, 1) =
27β31
43120
+
9β21γ2
560
+
27β21
1960
− 27bβ
4
1
20020
+
9bβ21
280
,
Q06(1/2, 1) =
59β31
12936
− 1697bβ
4
1
221760
, (28)
Q06(1/2, 1) = −29bβ
4
1
51480
. (29)
We have compared our expression for the m = 0 quadrupole
moment with the results presented in Scoccimarro et al.
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(1998) for the equilateral triangle. We find that the two
results match except for the terms involving γ2 for which
our results have twice the value. As mentioned earlier, the
terms involving γ2 arise from the S terms (eq. 20). The same
S terms also contribute to the terms which do not have γ2
or b1, these however match the results in Scoccimarro et al.
(1998). The cause of this discrepancy is not clear at present.
It may however be noted that the different m components
of the multipole moments B¯m` (k1, µ, t) are not uniquely de-
fined, and these can vary (through a rotation matrix) de-
pending on the choice of x, y, z axis.
Figures 6 and 7 show all the non-zeroQm` (µ, t) form = 1
and 2 respectively. We see that the patterns are quite dif-
ferent from those seen in Figures 2, 3 and 4 for Qr(µ, t),
Q00(µ, t) and Q
0
`(µ, t) respectively. Considering m = 1, the
results are similar for all ` values. We see that Q1`(µ, t) is zero
for equilateral triangles, and also along the lower boundary
(S-isosceles triangles) and the right boundary (linear trian-
gles). We have positive values in the upper left region around
the equilateral triangle, the positive region extends along
the top of the figure all the way to the squeezed limit. For
` = 2 we encounter the maximum value of Q12 (≈ 1) at the
squeezed limit if we approach it along t = 1. For higher `, the
maximum value is close to the equilibrium triangle and the
value gets smaller as ` increases. Q1`(µ, t) has negative values
for obtuse triangles µ > t, and to some extent the negative
regions extends across the µ = t line into the acute triangles
also. The minimum value of Q12(µ, t) (≈ −70) occurs close
to the squeezed limit very near the µ = 1 boundary ( at
t = 0.95), beyond the minima the value of Q12(µ, t) sharply
falls to zero at µ = 1. The other ` values show a similar
behaviour, however the magnitude of the minimum value is
a factor of 1.7, 9.7 and 155.27 smaller compared to ` = 2
for ` = 4, 6 and 8 respectively. Considering m = 2 (Fig-
ure 7), for all values of ` we find that Q2`(µ, t) has positive
values near the squeezed limit with a maxima very close to
the squeezed limit beyond which it sharply falls to zero at
µ = 1. Q22(µ, t) is positive everywhere, the maximum value
≈ 19 occurs approximately at t = 1, µ = 0.98 beyond which
it sharply falls to zero at µ = 1. The location of the maxima
is the same for other `, however the value falls by a factor
of 1.84, 7.93 and 95.24 compared to ` = 2 for ` = 4, 6 and
8 respectively. We see that for all ` the minima is near the
stretched limit where the values are negative for ` > 2. We
see that Q2`(µ, t) has a negative value over much of the (µ, t)
space for ` = 6 and 8.
Figure 8 shows Qm4 (µ, t) for m = 3 and 4. We see that
like Q14(µ, t), Q
3
4(µ, t) also is zero for equilateral triangles,
S-isosceles triangles and linear triangles and it has a small
positive value (∼ 0.1 and smaller) over much of the (µ, t)
space. The maximum value (∼ 0.2) occurs near the squeezed
limit if we approach it close to the top boundary (t ≈ 1).
We find negative values for obtuse triangles (µ > t) near the
squeezed limit, and the minimum value (≈ −2.08) occurs
very close to the squeezed limit(µ = 0.999, t = 0.976). Con-
sidering Q44(µ, t), we see that this has positive values over all
of (µ, t) space, and is zero for linear triangles. The maximum
value (≈ 1.21) occurs very close to the squeezed limit.
For completeness, we have shown all the remaining non-
zero multipoles (m = 3, 4, 5, 6) in Figures 9 and 10 for ` = 6
and 8 respectively. For all the odd m the value is zero for
equilateral and S-isosceles triangles, whereas for linear trian-
Qml Maximum (µ, t) Minimum (µ, t)
Q00 243.21 (1, 0.940) 1.62 (0.5, 1)
Q02 485.5 (1, 0.940) 0.58 (0.5, 1)
Q12 1.124 (0.974, 1) -68.32 (0.999, 0.956)
Q22 19.21 (0.999, 0.980) 0 (1., 0.5)
Q04 170.65 (1, 0.940) 0.045 (0.5, 1)
Q14 1.557 (0.812, 0.5) -40.84 (0.999, 0.942)
Q24 10.46 (0.999, 0.966) -0.14 (0.938, 0.533)
Q34 0.226 (0.994, 1.0) -2.08 (0.999, 0.975)
Q44 1.22 (0.999, 1.) 0 (1., 0.50)
Q06 23.48 (1, 0.94) -0.83 (0.998, 0.980)
Q16 1.920×10−4 (0.556, 1.) -7.06 (0.999, 0.952)
Q26 2.42 (0.999, 0.965) -0.18 (0.929, 0.603)
Q36 0.06 (0.972, 0.803) -0.43 (0.999, 0.979)
Q46 4.308×10−3 (0.877, 1.) -0.09 (0.998, 0.977)
Q56 1.586×10−3 (0.742, 1.) -9.172×10−3 (0.971, 0.917)
Q66 -4.27×10−8 (0.997, 0.631) -7.27×10−4 (0.724, 0.691)
Q08 1.15 (1, 0.940 ) -0.18 (0.998, 0.969)
Q18 8.49×10−4 (0.626, 1.) -0.44 (0.999, 0.950)
Q28 0.20 (0.999, 0.967) -0.026 (0.920, 0.628)
Q38 0.021 (0.974, 0.867) -2.09×10−4 (0.590, 1.)
Q48 0.005 (0.774, 0.646) -0.034 (0.999, 0.996)
Q58 0 (0.800, 0.625) -5.06×10−3 (0.974, 0.964)
Q68 -3.61×10−9 (0.998, 0.502) -1.07×10−3 (0.724, 0.691)
Table 1. It shows the maximum and minimum values of all the
non-zero Qm` .
gles the value is zero for both odd and even m. The values of
Qm` (µ, t) become extremely small as m and ` are increased,
and we have | Qm` (µ, t) |< 0.1 for all the results shown in
these two figures except for Q36. We see that Q
3
6(µ, t) has rel-
atively larger negative values around the minima (≈ −0.43)
which occurs for obtuse triangles very close to the squeezed
limit.
6 SUMMARY AND DISCUSSION
This paper and Paper I together present the formulas needed
to calculate all the multipole moments B¯m` (k1, µ, t) of the
redshift space bispectrum which are predicted to be non-
zero at second order perturbation theory. Equation (20)
represents our final result where the R,S and T terms are
given in Paper I, Appendices A and B respectively. In this
paper we have analyzed Qm` (µ, t) which quantifies the de-
pendence on the shape of the triangle keeping the other
quantities which affect B¯m` (k1, µ, t) fixed at k1 = 0.2 Mpc
−1,
β1 = 1, b1 = 1, γ2 = 0. The results are not very different for
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Figure 7. Shape dependence of all the non-zero moments Q2` (µ, t).
Figure 8. Shape dependence of Q34(µ, t) and Q
4
4(µ, t).
other values of k1 close to 0.2 Mpc
−1. We have also analyzed
Qr(µ, t) which corresponds to the real space bispectrum.
We find that Qr(µ, t), Q00(µ, t), Q
0
2(µ, t) and Q
0
4(µ, t) all
show very similar behaviour where the values are positive
everywhere, we have the smallest value for equilateral trian-
gles, the value increases as the triangle is deformed towards
a linear triangle and we have the largest values for linear
triangles. In all of these cases we have the maximum value
at µ = 1, t ≈ 0.94 which is very close to the squeezed limit
and where k1 ≈ k2 with k3 ≈ keq. Considering any trian-
gle shape (µ, t) the monopole Q00 exceeds Q
r, the RSD en-
hancement being minimum for equilateral and maximum for
linear triangles. The quadrupole Q02 exceeds Q
0
0 for a signifi-
cant region of (µ, t) space in the proximity of linear triangles,
however Q02 is smaller than Q
0
0 around the equilateral con-
figuration. The values of Q04 are smaller than those of Q
0
0
for the entire (µ, t) space, the two differing by a factor of 3
and 30 for linear and equilateral triangles respectively. The
m = 1 and m = 2 multipoles show distinctly different pat-
terns. For Q12 we have negative values of large magnitude
near the squeezed limit for obtuse triangles, and the maxi-
mum magnitude is roughly 4 times smaller than the maxima
of Q00. Q
2
2 is positive throughout, and has a maxima very
close to the squeezed limit with maximum value ≈ 13 times
smaller than the maxima of Q00. The higher multipoles all
show a rich variety of shape dependence, however the values
of | Qm` | falls drastically as ` and m are increased.
The various patterns in the shape dependence of
Qm` (µ, t) shown here are purely a consequence of non-linear
gravitational clustering as we have used γ2 = 0 throughout.
Non-linear bias (γ2 6= 0), if present, will cause the shape
dependence of Qm` (µ, t) to differ from that shown here. The
k1 and shape (µ, t) dependence of the various multipole mo-
ments of the bispectrum contains a wealth of cosmological
information. It has been proposed that the shape depen-
dence of the bispectrum can be used to determine the pa-
rameters β1, b1 and γ2. We propose to study these issues in
future.
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Figure 9. Shape dependence of all the m > 2 non-zero moments Qm6 (µ, t).
Figure 10. Shape dependence of all the m > 2 non-zero moments Qm8 (µ, t).
APPENDIX A: MULTIPOLE MOMENTS OF
THE S TERMS
A0 = 1 + 2β1/3 + β
2
1/5 (A1)
A2 = 4(β1/3 + β
2
1/7) (A2)
A4 = 8β
2
1/35 (A3)
[C12]0 = [C23]0 = [C31]0 = −7β
2
1
15
. (A4)
[C12]2 = [C31]2 = −1
6
β1(11β1 + 21) (A5)
[C23]2 = −1
6
β1
(
11β1 + 6(3β1 + 7)t
2 − 6(3β1 + 7)µt+ 21
)
.
(A6)
[C31]4 = [C12]4 = −6β
2
1
5
(A7)
[C23]4 = − 1
10
β21
(
5
(
7µ2 + 1
)
t2 − 40µt+ 12) (A8)
[D12]
1
2 =
1
7
√
2
3
β1(3β1 + 7)µ , (A9)
(A10)
[D23]
1
2 =
√
2
3
β1
7s2
[
µ
(
3β1 + 7s
2)+ (6β1 + 7)µt2
− t (β1 (6µ2 + 3)+ 7) ]
(A11)[D31]
1
2 =
√
2
3
β1(3β1 + 7)t(µt− 1)
7s2
.
(A12)[D12]
2
2 =
β1(β1 + 7)
7
√
6
,
(A13)[D23]
2
2 =
β1
(
β1 + 7s
2 + (6β1 + 7)t
2 − 6β1µt
)
7
√
6s2
(A14)[D31]
2
2 =
β1(β1 + 7)t
2
7
√
6s2
.
(A15)[D12]
1
4 =
4β21µ
7
√
5
(A16)[D23]
1
4 =
β21(2µt− 1)
((
7µ2 − 3) t− 4µ)
7
√
5s2
(A17)[D31]
1
4 =
4β21t(µt− 1)
7
√
5s2
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(A18)[D12]
2
4 =
1
7
√
2
5
β21
(A19)[D23]
2
4 =
√
2
5
β21
((
7µ2 − 1) t2 − 6µt+ 1)
7s2
(A20)[D31]
2
4 =
√
2
5
β21t
2
7s2
(A21)[D23]
3
4 =
β21t(2µt− 1)√
35s2
(A22)[D23]
4
4 =
β21t
2
√
70s2
[D12]
3
4, [D31]
3
4, D12]
4
4, [D31]
4
4 are zero.
APPENDIX B: MULTIPOLE MOMENTS OF
THE T TERMS
[T¯12]
0
0 = − 8
315
β4µ4 − 8β
4µ2
105
− β
4
105
− 12β
3µ2
35
− 3β
3
35
− 4β
2µ2
15
− β
2
3
− β
3
+
2
63
β4µ3t+
2β4µ3
63t
+
1
42
β4µt+
β4µ
42t
+
2
35
β3µ3t+
2β3µ3
35t
+
11
70
β3µt
+
11β3µ
70t
+
3
10
β2µt+
3β2µ
10t
+
βµt
6
+
βµ
6t
(B1)
[T¯23]
0
0 =
4β4µ4
105s4
+
4β4µ2
35s4
+
β4
70s4
+
4β3µ2
35s4
+
β3
35s4
− β
2
10s4
+
β3µt3
14s4
+
β2µt3
10s4
+
β4µ2t2
21s4
+
β4t2
126s4
− 4β
3µ2t2
35s4
− β
3t2
35s4
− β
2µ2t2
5s4
− β
2t2
10s4
− 2β
4µ3t
21s4
− 2β
4µ3
63s4t
− β
4µt
14s4
− β
4µ
42s4t
− β
3µ
14s4t
+
3β2µt
10s4
+
6β3µ2
35s2
+
3β3
70s2
+
2β2µ2
15s2
+
β2
15s2
− β
6s2
− 2β
3µ3
35s2t
− β
3µt
14s2
− 3β
3µ
35s2t
− β
2µ
5s2t
+
βµt
6s2
− β
2µ
10t
− βµ
6t
(B2)
[T¯31]
0
0 = −2β
4µ3t5
63s4
− β
4µt5
42s4
− β
3µt5
14s4
+
4β4µ4t4
105s4
+
4β4µ2t4
35s4
+
β4t4
70s4
+
4β3µ2t4
35s4
+
β3t4
35s4
− β
2t4
10s4
− 2β
4µ3t3
21s4
− β
4µt3
14s4
+
3β2µt3
10s4
+
β4µ2t2
21s4
+
β4t2
126s4
− 4β
3µ2t2
35s4
− β
3t2
35s4
− β
2µ2t2
5s4
− β
2t2
10s4
+
β3µt
14s4
+
β2µt
10s4
− 2β
3µ3t3
35s2
− 3β
3µt3
35s2
− β
2µt3
5s2
+
6β3µ2t2
35s2
+
3β3t2
70s2
+
2β2µ2t2
15s2
+
β2t2
15s2
− βt
2
6s2
− β
3µt
14s2
+
βµt
6s2
− 1
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[T¯12]
6
6, [T¯31]
6
6, [T¯12]
6
8, [T¯31]
6
8 and all the moments of T -terms
for ` = 8 and m = 7, 8 are zero.
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